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Wrinkle 1: “multi-competitor”
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Wrinkle 1: "multi-competitor”

w I.I I.I I.I I.I www I.I I.I
"A stochastic rank ordered logit model for rating multi-competitor games and sports"
(Glickman & Hennessy 2015)
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Wrinkle 2: “score-outcome”

NESSIS 2021



A model for athlete rating




Dynamic linear model (DLM): visual idea
Harville (1977); Glickman & Stern (1998)

Observed scores

Athlete
latent
ability

time
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DLM: standard equations

For each athlete in game g within time period t:

observation

observed score \ latent ability \ / variance

P()’gt | Ht»Uz) = N(Qt»gz)
P(Opy1 | Op,0°) = N(Ht»gzm\/)

innovation
initial ability variance ratio

p(O.Z) — IG(ClO, bo) / variance ratio
p(61]0°) =N(0,0°V)

We can fit this model using
Kalman Filter equations
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Madification 1: game-specific effects

For each athlete in game g within time period t:

P()’gt | Ht»UZ) = N(6;,0%)
P(0is1 | 6,07) = N(O,0°W)
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Madification 1: game-specific effects

For each athlete in game g within time period t:

P()’gt — Vgt | 91:»02) = N(0; — égt»az)
P(0is1 | 6,07) = N(O,0°W)
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Modification 2: data transformations

For each athlete in game g within time period t:

P()’gt — Vgt | 91:»02) = N(0; — égt»az)
P(0is1 | 6,07) = N(O,0°W)
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Modification 2: data transformations

For each athlete in game g within time period t:

P(@l()’gt — Vge) | 91:»02) = N(0; — égt»az)
P(0is1 | 6,07) = N(O,0°W)
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Transformations: Yeo-Johnson (Yeo & Johnson 2000)

(v +D*=1)/2 y =0
~(y+ D> -1/@2-2 Y<

TA=1.2

25 -

D_

-25-

_ED_I | | | | _ED_I | | | |
-0 -25 0 28 50 -50 -25 0 25 50
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Transformations: monotone spline (Ramsay 1988)

B
B0 =), A )

50 - 50 -

25- 25 -

_35 - -25-

50 - , e s0-.4

-50 -25 0 25 50
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Fitting the model




DLM with transformation: full model

For each athlete in game g within time period t:

P(@l()’gt — Vge) | 91:»02) = N(0; — égt»az)
P(0is1 | 6,07) = N(O,0°W)
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DLM with transformation: full model

For each athlete in game g within time period t:

P(‘/’i1 | Qt:UZ) = N(6; _H_gt»az)
P(0es1 | 6,,0%) = N(By, 0°W)
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DLM with transformation: full model

p(Yl:T' Hl:T' 0-2' W’ /1) = priors for a2, W, A
( |
trag:ic;rg;::on — ](1/)117" - yl:T) X p(az)p(W)p(/l)
T T
<| @t 16,022 x| [p@, 160,02 W)
t=1 \ Y ’ t=1 : | ’

likelihood innovation
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DLM with transformation: model fitting

® o
: = p(el:T' 0-21 W'A | yl:T)

@
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DLM with transformation: model fitting

® =
- : p(W,21yy.1)

@
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DLM with transformation: model fitting

p(W'/l l yl:T)

= [ p(01.7,6%, W, | y;.7)d6;.rdc?
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DLM with transformation: model fitting

Given W and A:

1. Use Kalman Filter to help evaluate
p(W,A1y5.7) pr It w ) fort=1,..,T

2. Compute p(W,A | yi.7)

= [ p(01.7,6%, W, | y;.7)d6;.rdc?

= ]\(‘/){L:T I 3’1:T}) X p\(W)p(/ll) X HZ:H\?(I/){1 | 1/’11:15—1» w, /1’)

| | |
transformation priors for W, A posterior predictive
Jacobian t-distributions
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DLM with transformation: model fitting
Goal: find posterior mode of p(W,A | y1.7)

%?/{(P(W;/l | ¥1.7)
subjectto W, A; = 0 Vi
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Results




Recovering the true transformation

YJj Y] X X
tog(x) t15(x) 50 - atan(%) 50 - tan(%)

t(x)
t(x)
t(x)
t(x)
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Model comparison: other models

Vanilla DLM (VLM)




Model comparison: train/test split

Find W & 1 Make predictions
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Data

Multicompetitor:

7N
&

> &
- X
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Head-to-head:




Model comparison: multi-competitor data

Games g, time periods ¢, correlations p ., competition sizes n,:

N
T gt
. Lt=s+1 Zg=1(ngt_1).0gt

D L T (nge-1)
Diving Biathlon Biathlon relay
Metric VLM | LMT | ROL | VLM | LMT | ROL | VLM | LMT | ROL
Spearman 0.62 | 0.58 0.61 0.61 0.e0 | 0.61 | 0.75 | 0.77 | 0.75
Kendall 0.48 | 0.45 0.47 0.44 044 | 0.44 | 0.59 | 0.60 | 0.58
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Model comparison: head-to-head data

Rugby Fencing (15 pts)
Metric VLM | LMT | GLO | VLM | LMT | GLO
Accuracy 72 73 /0 .66 .70 | 0.68
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Initial conclusions

Difficult to improve on ROL predictions for given datasets

Scores may help more in low-data settings

Does the LMT have any other nice features?
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Exploring results: post. predictive intervals

37
200 -

5 20
-3 -200  -100 0 100 200 30C
500 -
250 -
-260-
EDEBDD EDD 1DD 1DD EDD
observed {gam&centered} score

M2
£n
=

=

l':l

(game-centered) model estimate
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Exploring results: residuals

Biathlon
05 VLM 04-
0.4-
0.3-
0.3-
02-
0.2-
0.1- 0.1-
0.0- — 0.0-
6 -4 2 0 2 -4 2 0 2
Standardized residuals Standardized residuals
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Exploring results: residuals

Diving
1.00 -
0.5-
0.75- 0.4 -
0.3-
0.50 - —>
0.2-
0.25-
0.1-
0.00- = 0.0-
2 -1 0 1 2 3 2 -1 0 1 2 3
Standardized residuals Standardized residuals
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Exploring results: transformations

| Biathlon .- °®| Biathlon relay Diving

400
400 238
200
0 0 2
400 -200 2250
. 400 |. .
500 0 500 1000 1500 0 500 1000 250 0 250

100
10 Fencing - Rugby
0 0
-10 -50
-10 0 10 ' -40 0 40 80
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Exploring results: athlete strengths

32 119 124

M ean of athlete theta

0 20 40 0 20 40 0 20 40
eventlD

NESSIS 2021 39




Conclusion

AP
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DLM: model matrix notation

N total athletes, N, athletes playing in game g within time period t:

P()’gt | Qtraz) = N(thetwgz 'INgt)
p(0¢iq | 9t»02) — N(et»UZW - Iy)

1 0 0 - O]

Xge = ? O 1 O (multicompetitor game)
0 0 0 Uy, xn

Xge=[1 -1 0 - 0] (head-to-head game)
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DLM: full model

P11 01.7,0%) = [li=1pWe | 0y, 0%) X [1i=1 (O | O4—1,0%) X p(c%)

LR S
¥ o8

!
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DLM: posterior updates

Target: p(01.7,0% | ¥1.7)

Prior: likelinood: Posterior:

2 2 ~
0'2 IG(at_l, bg_l) & Y, ~ N(Xt . Ht; 0_2 . INt) o |.);t IG(at; bg)
Oilo“ ~Nm_q,0% - Vi_q) 0:|y;, 0“ ~N(m,o“ - V)

N ~

Innovation period:
0:11160.,~N(O,0°W)
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Exploring results: optim() convergence

1000 -
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Transformations: monotone spline (Ramsay 1988)

B
t7°(y) = Ai - 1;(y)

=1

Example |-spline basis functions

1.00-
0.75-
0.50-
0.25-
0.00-
—éD —55 d EE
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DLM with transformation: model fitting

p(W,A | yi.7)

= [ p(01.7,6%, W, | y;.7)d6;.rdc?

= ](‘/){L:T — 3’1:T) Xp(W)p(A) X HZ:1 I?(I/)vf1 | 1/’11:15—1» w, /1,)

_ bt _
tra,—1 (Xtmt—li_a ) I+ Xe(Veoy + WDX[T)
t_
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DLM with transformation: model fitting
Goal: find the values of W and A that maximize p(W, A | y;1.7)

1. Initialize: set initial (W, 1)
2. Optimize: use numerical optimization to find optimal value of (W, 1)

Pick W and A Fit model using

—~ |Wandt;()
Y,

Evaluate logp(W, 4 | yi.7)

3. Return: optimal (MAP) value of (W, 4)
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Exploring results: 95% coverage

Diving Biathlon  |Biathlon Relay Rugby Fencing
LMNT 0.998 0.979 0.998 0.958 0.949
LM 0.987 0.949 0.985 0.954 0.945
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Exploring results: coverage

biathlon birelay diving_imp

model

o fencing15 B —— 0.00 0.05 0.10 0.15 020 025 — |M
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